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Constant heat ﬂuxAbstract In this investigation, the Control Volume based Finite Element Method (CVFEM) is
used to simulate the natural convection heat transfer of Cu–water nanoﬂuid in an annulus
enclosure. The Maxwell–Garnetts (MG) and Brinkman models are also employed to estimate the
effect of thermal conductivity and viscosity of nanoﬂuid. The governing parameters are the
Rayleigh number, nanoparticle volume fraction and the aspect ratio (ratio of the outer radius to
the inner one). Results are presented in the form of isotherms, streamlines, local and average
Nusselt numbers. The results indicate that increment of the aspect ratio increases the value of aver-
age Nusselt number. Moreover, the angle of turn for the boundary condition of the inner cylinder
signiﬁcantly affects the values of local Nusselt number, average Nusselt number, streamlines and
isotherms.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Study of natural convection heat transfer in the annulus
between two horizontal concentric cylinders has been the topic
of interest for researchers because of the wide applications in
engineering and industry such as nuclear reactor design,
aircraft cabin insulation, cooling system in electroniccomponents, solar collector–receiver, thermal storage system
and vapor condenser for water distillation and food process
[1,2]. The literature survey shows that there is numerous works
on both experimental and numerical investigation natural con-
vection heat transfer between two concentric circular cylinders.
Kuehn and Goldstein [3] conducted an experimental and the-
oretical study of natural convection in concentric and eccentric
horizontal cylindrical annuli. Kuehn et al. [4,5] presented
experimental and numerical studies of steady-state natural
convection heat transfer in horizontal concentric annuli, in
which the effects of Rayleigh and Prandtl numbers and aspect
ratio were parametrically explored and correlating equations,
were proposed as well. The numerical and experimental analy-
sis of natural convection from a horizontal cylinder enclosed in
a rectangular cavity has been performed by Cesini et al. [6].
They investigated the effect of the cavity aspect ratio and the
Rayleigh number on the isotherms and Nusselt number. Their
Nomenclature
Cp speciﬁc heat at constant pressure
Grf Grashof number
Nulocal local Nusselt number
Nuave average Nusselt number
Pr Prandtl number (=t/a)
T ﬂuid temperature
u, v velocity components in the x-direction and
y-direction
U, V dimensionless velocity components in the
X-direction and Y-direction
x, y space coordinates
X, Y dimensionless space coordinates
r non-dimensional radial distance
rr aspect ratio
k thermal conductivity
L gap between inner and outer boundary of the
enclosure L= rout  rin
~g gravitational acceleration vector
q heat ﬂux
Ra Rayleigh number ð¼ gbq00ðrout  rinÞ4=kfamÞ
Greek symbols
f angle measured from the lower right plane





w & W stream function & dimensionless stream function
H dimensionless temperature
q ﬂuid density
b thermal expansion coefﬁcient










268 S.M. Seyyedi et al.results show that with increasing Rayleigh number, the average
heat transfer coefﬁcients increases. Bararnia et al. [7] studied
the natural convection around a horizontal elliptic cylinder
inside a square enclosure using LBM. They found that stream-
lines, isotherms and the number, size and formation of the cells
strongly depend on the Rayleigh number and the position of
inner cylinder. The forced and free convection for thermally
developing and fully developed laminar airﬂow inside horizon-
tal concentric annuli has been investigated experimentally by
Mohammed et al. [8]. This investigation revealed that the Nus-
selt number is considerably greater for developing ﬂow than
the corresponding values for fully developed ﬂow over a signif-
icant portion of the annulus. Ghaddar [9] reported the numer-
ical results of natural convection from a uniformly heated
horizontal cylinder placed in a large air-ﬁlled rectangular
enclosure. He observed that ﬂow and thermal behavior depend
on heat ﬂuxes impose on the inner cylinder within the isother-
mal enclosure. Hussain and Hussein [10] investigated the
natural convection phenomena in a uniformly heated circular
cylinder at different vertical locations immersed in a square
enclosure ﬁlled with air numerically. Their result showed that
the average and local Nusselt number values increase with dif-
ferent upward and downward locations of the inner cylinder
with increasing Rayleigh number. Haldar [11] reported numer-
ical study of combined convection through a horizontal
concentric annulus using a combination of vorticity–stream
function and primitive variables formulations. It was found
that with increasing axial distance, the entry effect diminishes,
while the buoyancy becomes stronger. Natural convection in
cavities with constant ﬂux heating at the bottom wall and iso-
thermal cooling from the sidewalls is investigated numerically
by Sharif and Mohammad [12]. They analyzed the effects
aspect ratio, inclination angles, and heat source length onthe convection and heat transfer process in the cavity. Their
results showed that the average Nusselt number and maximum
temperature change mildly with aspect ratio as well as with
heat source length. Cheikh et al. [13] studied the natural
convection cooling of a localized heated plate embedded sym-
metrically at the bottom of an air-ﬁlled square enclosure.
Khanafer et al. [14] ﬁrstly conducted a numerical investigation
on the heat transfer enhancement due to adding nano-particles
in a differentially heated enclosure. They found that the sus-
pended nanoparticles substantially increase the heat transfer
rate at any given Grashof number. Natural convection heat
transfer in an inclined enclosure ﬁlled with a water–CuO nano-
ﬂuid is investigated numerically by Ghasemi and Aminossadati
[15]. They found that the heat transfer rate is maximized at a
speciﬁc inclination angle depending on Rayleigh number and
solid volume fraction. Aminossadati and Ghasemi [16] pre-
sented the results of a numerical study on natural convection
in a partially heated enclosure from below and ﬁlled with dif-
ferent types of nanoﬂuids. Their results showed that the
increase of solid volume fraction of nanoparticles causes the
heat source maximum temperature to decrease particularly at
low Rayleigh numbers. Nabavitabatabayi et al. [17] presented
a numerical study on the heat transfer performance in an
enclosure including nanoﬂuids with a localized heat source.
They observed that by adding nanoparticles to base liquid
causes the maximum temperature decrease on account of the
irregular motion of nanoﬂuids and, more importantly, the
higher energy transport rate inside the ﬂuid. Abu-Nada et al.
[18] investigated natural convection heat transfer enhancement
in horizontal concentric annuli ﬁeld by nanoﬂuid. They found
that for low Rayleigh numbers, nanoparticles with higher
thermal conductivity cause more enhancement in heat transfer.
Bararnia et al. [19] studied the natural convection in a
Natural convection heat transfer under constant heat ﬂux wall 269nanoﬂuid ﬁlled portion cavity with a heated built in plate by
LBM. The results have been obtained for different inclination
angles and lengths of the inner plate. Mixed convection of a
nanoﬂuid consisting of water and SiO2 in an inclined enclosure
cavity has been studied numerically by Alinia et al. [20] using
two-phase mixture model. They found that effect of inclination
angle is more pronounced at higher Richardson numbers. The
Control Volume based Finite Element Method (CVFEM) is
new method for simulation of ﬂuid ﬂow and heat transfer. It
uses the advantages of both ﬁnite volume and ﬁnite element
methods for simulation of multi-physics problems in complex
geometries [21,22]. Soleimani et al. [23] studied natural convec-
tion heat transfer in a semi-annulus enclosure ﬁlled with nano-
ﬂuid using the Control Volume based Finite Element Method.
They found that the angle of turn has an important effect on
the streamlines, isotherms and maximum or minimum values
of local Nusselt number. Ghasemi et al. [24] have been per-
formed numerical study on Natural convection between a cir-
cular enclosure and an elliptic cylinder using Control Volume
based Finite Element Method. Their results showed that
streamlines, isotherms, and the number, size and formation
of the cells inside the enclosure are strongly depended on these
parameters which considerably enhance the heat transfer rate.
Natural convection of nanoﬂuids in an enclosure between a
circular and a sinusoidal cylinder in the presence of magnetic
ﬁeld is studied by Sheikholeslami et al. [25]. They used Control
Volume based Finite Element Method to simulate ﬂow ﬁeld
and heat transfer. They found that also it is found that the
average Nusselt number is an increasing function of nanopar-
ticle volume fraction, the number of undulations and Rayleigh
numbers while it is a decreasing function of Hartmann num-
ber. Sheikholeslami et al. [26–41] also have been applied
CVFEM and other numerical method in order to numerical
simulation of ﬂow and heat transfer in complex ﬂow andFigure 1 (a) Geometry and the boundary conditions with (b) t
Table 1 Thermophysical properties of water and nanoparticles [15]
q (kg/m3) Cp (J/kg
Pure water 997.1 4179
Copper (Cu) 8933 385geometric such as Magnetohydrodynamic free convection
and nanoﬂuid.
In the present study, the effect of the Rayleigh number,
nanoparticle volume fraction and aspect ratio on natural con-
vection heat transfer in an annulus enclosure ﬁlled nanoﬂuid
has been studied numerically using the Control Volume based
Finite Element Method (CVFEM).
2. Geometry deﬁnition and boundary conditions
The geometry and the mesh of the present problem are shown
in Fig. 1. The outer wall is maintained at constant temperature
Tc. The upper part of inner circular wall is under constant heat
ﬂux while the lower part is adiabatic. The boundary conditions
for the present problem as shown in Fig. 1 are as follows:




on the inner circularboundary
W¼0:0 onall solidboundaries
ð1Þ
The values of vorticity on the boundary of the enclosure
can be obtained using the stream function formulation and
the known velocity conditions during the iterative solution
procedure.
3. Mathematical modeling and numerical procedure
3.1. Problem formulation
The ﬂow is considered to be steady, two-dimensional, incom-
pressible and laminar. The governing equations underhe mesh of semi-annulus enclosure considered in this work.
.
K) k (W/m k) b · 105 (K1)
0.613 21
401 1.67
Table 2 Comparison of the average Nusselt number Nuave for different grid resolution at Ra= 10
5, rr= 2, c= 360 and /= 0.06.
Mesh size in radial direction · angular direction
31 · 91 41 · 121 51 · 151 61 · 181 71 · 211 81 · 241 91 · 271
5.9535 5.8276 5.7572 5.7126 5.6819 5.6595 5.6595
Figure 2 Comparison of the equivalent thermal conductivity on
inner and outer cylinder with experimental results of Kuehn and
Goldstein [3] for annulus at Ra= 5 · 104.
Figure 4 Comparison of the temperature on axial midline
between the present results and numerical results obtained
by Khanafer et al. [14] for Gr= 104, /= 0.1 and Pr = 6.2
(Cu–Water).
Table 3 Comparison of the present solution with previous
works for different Rayleigh numbers when Pr = 0.71 and
e= 0.6.
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Figure 5 Comparison of the streamlines (left) and isotherms (right) contours between nanoﬂuid (/= 0.06) (––) and pure ﬂuid (/= 0)
(- - -) for different values of c at Ra= 105 and Pr = 6.2.
























where the effective density (qnf) and heat capacitance ðqCpÞnf
of the nanoﬂuid are deﬁned as:
qnf ¼ qfð1 /Þ þ qs/ ð6Þ
ðqCpÞnf ¼ ðqCpÞf ð1 /Þ þ ðqCpÞs/ ð7Þ
where / is the solid volume fraction of nanoparticles. Thermal
diffusivity of the nanoﬂuids is
anf ¼ knfðqCpÞnf
ð8Þ
and the thermal expansion coefﬁcient of the nanoﬂuids can be
determined as
bnf ¼ bfð1 /Þ þ bs/ ð9Þ





and the effective thermal conductivity of the nanoﬂuid can be
approximated by the Maxwell–Garnetts (MG) model as [18]:
knf
kf
¼ ks þ 2kf  2/ðkf  ksÞ
ks þ 2kf þ /ðkf  ksÞ ð11ÞThe stream function and vorticity are deﬁned as follows:
u ¼ @w
@y
; v ¼  @w
@x





The stream function satisﬁes the continuity Eq. (2). The
vorticity equation is obtained by eliminating the pressure
between the two momentum equations, i.e. by taking y-deriv-












































By introducing the following non-dimensional variables:
X ¼ x
L
; Y ¼ y
L
; X ¼ xL
2
af
; W ¼ w
af
;
H ¼ T Tc
DT




where in Eq. (16) L= rout  rin. Using the dimensionless
parameters the equations now become:





























































Figure 6 Comparison of the isotherms (up) and streamlines (down) c






where Raf ¼ gbfL3q00L=ðafmfkfÞ is the Rayleigh number for the
base ﬂuid, and Prf = mf/af is the Prandtl number for the base
ﬂuid. The ﬂuid in the enclosure is Cu–water nanoﬂuid and
the thermo-physical properties of Cu-nano particles and based
ﬂuid are shown in Table 1 [14].
The local Nusselt number for the wall with constant
heat ﬂux is obtained for the nanoﬂuid case using the
relation:410a = 510Ra =
x nf
6.425= max nf 17.51Ψ =
x nf
8.312= max nf 22.98Ψ =
ontours for different values of Rayleigh numbers, c (c= 180 and





where Hs is the local dimensionless heat source temperature.
The average Nusselt number is determined by integrating















( )max nf 1.215Ψ = ( maxΨ
Figure 7 Comparison of the isotherms (up) and streamlines (down) c
c= 360) and at /= 0.06, aspect ratio rr= 3.3.2. Physical model and numerical procedure
A FORTRAN control volume ﬁnite element method code is
used in this work [44]. The building block of the discretization
is the triangular element and the values of variables are approx-
imated with linear interpolation within the elements. The
control volumes are created by joining the center of each element
in the support to the midpoints of the element sides that pass
through the central node i which creates a close polygonal410a = 510Ra =
nf
4 .968= max nf =13.98Ψ
)nf 6.544= ( )max nf 17.74Ψ =
ontours for different values of Rayleigh numbers, c (c= 180 and
Natural convection heat transfer under constant heat ﬂux wall 275control volume (see Fig. 1b). The set of governing equations is
integrated over the Control Volume with the use of linear inter-
polation inside the ﬁnite element and the obtained algebretic
equations are solved by the Gauss-Seidel Method.
4. Grid study and validation of the present code
To test and assess the grid independence of the solution










( )max nf 0.98Ψ = ( maΨ
Figure 8 Comparison of the isotherms (up) and streamlines (down) c
c= 360) and at /= 0.06, aspect ratio rr= 4.different mesh combinations for of Ra= 105 and /= 0.06
for Cu–water nanoﬂuid. Calculating the average Nusselt num-
ber on the inner circular wall with heat ﬂux is used to test for
grid independence in the present code. As seen in Table 2 a
grid mesh of 81 · 241 is suitable to describe the ﬂow and heat
transfer process accurately. The convergence criterion for the
termination of all computations is:
maxgrid C
mþ1  Cm		 		  106 ð22Þ410a = 510Ra =
)nf 4.06= ( )max nf 12.11Ψ =
)x nf 5.6= ( )max nf 15.65Ψ =
ontours for different values of Rayleigh numbers, c (c= 180 and



















Figure 9 Proﬁle of local Nusselt number along heat source for different of the nanoparticle volume fraction, Rayleigh number, aspect
ratio and angle of turn for Cu–water nanoﬂuids.
276 S.M. Seyyedi et al.where m is the iteration number and C stands for the indepen-
dent variables (X,W,H).
In order to validate the numerical results of the present
study they are compared with other works reported in [3,42]as seen in Figs. 2 and 3. Table 3 shows the comparison of
the averaged Nusselt number versus Rayleigh number with
those obtained by Sharif and Mohammad [12]. Fig. 4 illus-











Natural convection heat transfer under constant heat ﬂux wall 277and the results of Khanafer et al. [14] for natural convection in
an enclosure ﬁlled with Cu–water nanoﬂuid. Comparison of
the obtained results with the previous works shows an excel-
lent agreement between the results.5. Results and discussion
In the present study, natural convection heat transfer of
Cu–water nanoﬂuid in an annulus is investigated. The results
obtained for various values of Rayleigh number
(Ra= 103, 104 and 105), aspect ratio (rr= 2, 3), volume
fraction of nanoparticles (/= 0%, 2%, 4% and 6%) and con-
stant Prandtl number (Pr = 6.2).
To show the effect of nanoparticles on the streamlines and
isotherms of pure ﬂuid and nanoﬂuid for different values of
aspect ratio results are presented in Fig. 5; increasing of nano-
particles volume fraction, the velocity component increases
and isotherms are expanded due to the increase in the energy
transport in the ﬂuid. Also it indicates that the effective ther-
mal diffusion in nanoﬂuid is greater than that in the base ﬂuid
which is due to the augmentation of effective conductivity. The
sensitivity of thermal boundary layer thickness to the volume
fraction of the nanoparticles is related to the increased thermal
conductivity of the nanoﬂuid. The high value of thermal diffu-
sivity causes a drop in the temperature gradients and accord-
ingly increases the boundary layer thickness. Thus, the
absolute values of stream functions indicate that the strength
of ﬂow increases with increasing the volume fraction of
nanoﬂuid.
At Ra= 103, conduction is the dominated mechanism for
heat transfer compared to the convection. The buoyancy force
increases with growth of Rayleigh number which overcomesthe viscous force; hence heat transfer is dominated by convec-
tion at high Rayleigh number. Fig. 6 presents the comparison
of the isotherms (top) and streamline (bottom) contours for
different values of Rayleigh numbers and c (c= 180 and
360) at rr= 2, /= 6%. As can be seen at Ra= 103, the iso-
therms are uniforms and parallel to each other. As the Ray-
leigh number increases up to Ra= 105, the isotherms
become more distorted due to the domination of convective
heat transfer. In addition, the thermal boundary layer on the
surface of the inner cylinder becomes thinner at higher Ray-
leigh number. Also a thermal plume appears at the top of
the inner cylinder (heat source surface). As seen in this ﬁgure,
for all cases, when c increases, the maximum value of absolute
stream function increases which indicates the domination of
the convection mechanism.
The evolution of the ﬂow and thermal ﬁelds with Rayleigh
number for different values of c (c= 180 and 360) at /
= 6% and aspect ratio of (rr= 3, 4) are presented in Figs. 7
and 8. Two symmetric counter-rotating rolls are formed at
all Rayleigh numbers considered here. Also it is observed that
for all Rayleigh number, the central vortex of the eddy is
almost circular at c= 180 while it stretches horizontally for
c= 360. At c= 360, two vortices appear at the center but
when c decrease to 180, the center of inner vortex moves
upward. As Rayleigh number increases up to 105, the core of
the two vortices moves toward the top of inner cylinder and
approaches the vertical centerline of the annulus because of
the convection effect. As a result, the isotherms become more
distorted above the inner cylinder. For lower Ra (103) the con-
vection intensity in the annulus is very weak as obvious from
the stream function values which are at least in order of mag-
nitude smaller than those for Ra= 104 and 105. Thus viscous
forces are more dominant than the buoyancy forces at lower
(a) rr=2 (b) rr=3
(c) rr=4
Figure 10 Variation in the average Nusselt number of heat surface with the nanoparticle volume fraction, Rayleigh number, angle of
turn of boundary condition and different aspect ratio (a) rr= 2, (b) rr= 3, (c) rr= 4.
(a) 180γ °= (b) 360γ °=
Figure 11 Comparison between the average Nusselt number of heat surface for different aspect ratio, Rayleigh number and angle of turn
(a) c= 180, (b) c= 360 at /= 0.06.
278 S.M. Seyyedi et al.
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angle of turn (length of the heat source) increases, the value of
absolute stream function increases which indicates that as c
increases, effect of the convection mechanism increases. As a
result, the size of the inner circular cylinder has a great effect
on streamlines and isotherms inside the circular cylinder. As
shown the smaller size of inner cylinder provides the more
room for ﬂow circulation.
The local Nusselt number proﬁle along the heated surface
for different Rayleigh numbers, nanoparticle volume fractions
and different angles of turn is depicted in Fig. 9. It is observed
that with increasing the Rayleigh number, effect of convection
increases which leads to an increase in local Nusselt number.
Also for all values of c and rr, the local Nusselt number
increases with growth of nanoparticle volume fraction. It is
to be noted that as Rayleigh number increases, the minimum
and maximum values of local Nusselt number enhance. For
all values of c, the value of the local Nusselt number is
minimum at f= 90 due to existence of thermal plumes on
the surface of the inner circular wall. By increasing the aspect
ratio of the annulus (rr), for all values of c, volume fraction of
nanoparticle and Rayleigh number and the local Nusselt num-
ber increases as a result of convective heat transfer near the
heated surface of the inner cylinder. The local Nusselt number
proﬁle is almost symmetric to the vertical centerline and the
minimum value of Nulocal is obtained at f= 90 where the iso-
therms are coarsest by the occurrence of the plume. At
c= 360, the proﬁle of local Nusselt number at rr= 2, 3
and 3 is the same but the value of Nusselt number at rr= 4
is greater than that for rr= 2 and 3.
Variations in the average Nusselt number on the heat
source as a function of the angle of turn and nanoparticle vol-
ume fraction for different Rayleigh numbers and aspect ratio
(rr= 2, 3 and 4) are presented in Fig. 10. As can be seen from
the ﬁgure, for all values of rr and c, the average Nusselt num-
ber increases with increase of nanoparticle volume fraction and
Rayleigh number. Also it can be observed that, the variation in
average Nusselt number with respect to c is small at Ra= 103.
At Ra= 104, the variation in average Nusselt number is more
noticeable than Ra= 103. For all value of Rayleigh number,
the average Nusselt number at c= 180 is greater than that
of c= 360. As seen in Fig. 10, with increase of aspect ratio
from 2 to 3 and 4, the average Nusselt number increases for
all values of Rayleigh number. Also it can be found that the
effect of nanoparticles is more pronounced at low Rayleigh
number than that at high Rayleigh number because of the
greater heat transfer enhancement rate. This observation can
be explained by noting that at low Rayleigh number the heat
transfer is dominant by conduction. Therefore, the addition
of high thermal conductivity nanoparticles will increase the
conduction and make the heat transfer enhancement more
effective. Fig. 11 shows the comparison between the average
Nusselt number of hot surface for different aspect ratio,
Rayleigh number and angle of turn at /= 0.06. These ﬁgures
show that when the aspect ratio enhances, the average Nusselt
number increases.6. Conclusions
This study investigates the natural convection heat transfer
natural convection heat transfer of Cu–water nanoﬂuid in anannulus. The upper part of inner circular wall is under the con-
stant heat ﬂux while the lower part is adiabatic and outer cir-
cular cylinder has constant cold temperature. The Control
Volume based Finite Element Method (CVFEM) was used
for ﬂow and thermal ﬁelds. The numerical results are obtained
for different values of volume fraction of the nanoparticles,
Rayleigh numbers, angle of turn for boundary condition of
the inner cylinder and aspect ratios. The important results
are presented as follows:
 The average Nusselt number is an increasing function of
Rayleigh numbers.
 The increase of volume fraction of the nanoparticles causes
a greater average Nusselt number particularly at high Ray-
leigh numbers where the convection is the main heat trans-
fer mechanism.
 The increase of aspect ratio increases the value of average
Nusselt number.
 The minimum values of local Nusselt number is corre-
sponding to existence of thermal plumes on the top surface
of the inner circular wall of the enclosure (cmin = 90).
 As the angle of turn for boundary condition of the inner
cylinder increases, the value of averaged Nusselt number
on the heat source reduces.References
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